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Abstract: 13 

Inflow hydrograph to a reservoir plays a significant role in reservoir filling schedule as well as 14 

subsequent operational management. Inflow hydrograph with its parameters peak discharge, 15 

volume, duration and time to peak are considered for tetravariate frequency analysis by Gumbel-16 

Hougaard (GH) four dimensional copula approaches. The main advantage of using this GH 17 

approach is that, it relaxes the restriction of using a similar type of marginal distributions for all 18 

the four basic variables and the combined tetravariate computed CDFs are generated 19 

accordingly. These results are validated using tetravariate observed CDF. The requirements of 20 

the proposed model consist of, the best fit marginal CDFs, which are determined for all the four 21 

inflow hydrograph variables, whose outcomes were Gamma CDF for peak discharge (Q), 22 

Gamma CDF for volume (V), Extreme value 1 CDF for duration (D) and Extreme value 1 CDF 23 

for time to peak (Tp) along with a dependence parameter (θ) whose value is estimated to be 1.7. 24 

After a successful tetravariate copula modelling, now this model is utilized further to determine 25 
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the conditional CDF and its conditional return period for a given peak, volume and duration by 26 

conditioning the time to peak. Unlike other study, time to peak is taken in the study as a 27 

significant parameter with other three regular parameters as Q, V and D. The three hourly inflow 28 

data of Hirakud reservoir has been taken here to fit the proposed model. 29 

Key words: Four-dimensional symmetric Gumbel-Hougaard copula, trial and error method, 30 

marginal, Hirakud Reservoir. 31 

Introduction: 32 

Inflow to a reservoir is very important input to a reservoir. Although it is same as a flood 33 

hydrograph passing through a river but its impact is different from that of a flood. The durations. 34 

As the basic role of reservoir is to fulfill the demands assigned alongwith flood control So the 35 

nature of hydrograph entering the reservoir has its own impact. Thus the flood or inflow is a 36 

complex hydrological event and its effect is realized by many independent parameters such as its 37 

peak discharge, volume, duration and time to peak. As a flood control measure, traditionally, the 38 

flood frequency analysis is an estimation process in which the peak discharge of the flood or 39 

inflow is associated with its return period. 40 

Many literary works have been reported in the past, related to the impact assessment of the flood 41 

by conducting the frequency analysis of single factor of flood, such as its peak or it may be its 42 

volume or duration. The main demerit of such analysis is that, it results in an inadequate impact 43 

assessment of flood. The more appropriate impact assessment caused by a flood, can only 44 

determined when there will be a combined frequency analysis of all the flood variables, as all the 45 

flood variables are interdependent among themselves. Thus, the combined flood frequency 46 

analysis stated above is referred to as multivariate flood frequency analysis. This motivated the 47 



researchers to proceed towards bivariate flood frequency analysis, some of the studies by Yue et 48 

al. (1999) used the Gumbel mixed model and performed the bivariate modelling of peak 49 

discharge-volume and volume-duration, this model considered the univariate Gumbel 50 

distribution for all the flood variables, Yue (1999) performed the flood frequency analysis using 51 

the bivariate normal distribution model, but all these bivariate models possesses some limitations 52 

i.e., they allow only a similar type of marginal distribution for two variables or both the variables 53 

are forcefully converted into normal distribution or both the variables are made to behave 54 

independently. Practically, it is not necessary that the marginal distribution will follow a same 55 

type of distribution or they will follow normal distribution and the flood variables are dependent 56 

among themselves. So, to remove this lacuna, the researchers used copula approach. 57 

The concepts of copula were developed by Sklar (1959), Genest and MacKay (1986), Genest and 58 

Rivest (1993) and Nelsen (1999). Copula is a mathematical function, which links the univariate 59 

probability distribution with its multivariate probability distribution by the help of dependence 60 

parameter (θ) irrespective of the types of marginal distribution, the flood variables possess. Some 61 

papers on flood frequency analysis bivariate copula are given by Zhang and Singh (2006) used 62 

the copula method and performed the joint distribution of peak discharge-volume and volume-63 

duration and finally obtained their conditional return periods, Karmakar and Simonovic (2009) 64 

performed the joint bivariate distribution of flood variables in which the marginal distributions 65 

are of parametric as well as non-parametric nature. Reddy and Ganguli (2012) applied the 66 

Archimedean copula to perform the bivariate flood frequency analysis by considering the flow of 67 

upper Godavari river. Li et al. (2012) used the modified functions for margin method and 68 

estimated the parameters of univariate as well as joint distribution by incorporating the historical 69 

information; finally the conditional probability was determined. Sraj et al. (2015) used the Litija 70 



station of Sava river present in Slovenia as a case study in which the hydrographs of maximum 71 

peak discharge and its corresponding volumes and durations were considered and were applied 72 

to different bivariate copulas. Duan et al. (2016) used the bivariate flood frequency analysis 73 

based on copula method, in order to find out the variation in flood characteristics that can be 74 

caused due to climatic changes, Ismail et al. (2018) performed the bivariate flood frequency 75 

analysis using the Gumbel copula on a station present in Kelantan river basin. A few papers are 76 

there related to trivariate flood frequency analysis and some of them are Grimaldi and Serinaldi 77 

(2006) conducted joint trivariate flood frequency analysis using three dimensional Archimedean 78 

asymmetric copula. Zhang and Singh (2007) performed the trivariate modelling of three flood 79 

variates i.e. peak discharge-volume-duration using three dimensional GH copula.  80 

The above named literatures on trivariate flood frequency analysis utilized the three basic and 81 

important variables i.e. the peak, volume and duration of hydrograph, and performed the flood 82 

frequency analysis, but their study had not taken the fourth variable of the hydrograph under 83 

consideration i.e. the “time to peak”, which is of utmost importance, basically when the 84 

catchment area is under a hilly terrain having flash flood or where time to peak is a concern for 85 

causing flood damage. Therefore, a tetravariate flood frequency analysis has been done in this 86 

paper by taking the peak, volume, duration and time to peak of the hydrograph and established a 87 

relation with its combined return period, which will be helpful in flood management and 88 

reservoir operation purposes. Moreover, in this paper, the complicacy of the hydrograph is 89 

increased, which will result in more appropriate assessment of impact caused due to flood. 90 

Probability distribution using four variables: 91 



Let, there are four random variables peak, volume, duration and time to peak represented by Q, 92 

V, D and TP. All this four variables are dependent among themselves, their tetravariate 93 

cumulative distribution function is given as follows. 94 

𝐹(𝑞, 𝑣, 𝑑, 𝑡𝑝) = 𝑃(𝑄 ≤ 𝑞, 𝑉 ≤ 𝑣, 𝐷 ≤ 𝑑, 𝑇𝑝 ≤ 𝑡𝑝) = ∫ ∫ ∫ ∫ 𝑓(𝑞, 𝑣, 𝑑, 𝑡𝑝)𝑑𝑞 𝑑𝑣 𝑑𝑑 𝑑𝑡𝑝

𝑞

0

𝑣

0

𝑑

0

𝑡𝑝

0

 95 

            (1) 96 

Where, q, v, d, tp, are the values of Q, V, D, TP and 𝑃(𝑄 ≤ 𝑞, 𝑉 ≤ 𝑣, 𝐷 ≤ 𝑑, 𝑇𝑝 ≤ 𝑡𝑝)  is the 97 

probability of nonexceedance. The tetravariate joint return period i.e. denoted as T (q, v, d, tp) is 98 

expressed as follows. 99 

𝑇(𝑞, 𝑣, 𝑑, 𝑡𝑝) =
1

1 − 𝐹(𝑞,𝑣,𝑑,𝑡𝑝)
         (2) 100 

Where, 𝐹(𝑞, 𝑣, 𝑑, 𝑡𝑝) represents tetravariate computed CDF 101 

Introduction to four dimensional Gumbel-Hougaard symmetric copula 102 

The four dimensional GH symmetric copula is expressed as follows. 103 

𝐶4
Ө(𝑎, 𝑏, 𝑐, 𝑑) =  𝑒𝑥𝑝{−[(− ln 𝑎)Ө + (− ln 𝑏)Ө + (− ln 𝑐)Ө + (− ln 𝑑)Ө]1 Ө⁄ }  (3) 104 

Where, 𝐶4
Ө(𝑎, 𝑏, 𝑐, 𝑑) represents Gumbel-Hougaard four dimensional copula and 𝜃 ≥ 1 where 𝜃 105 

represents the dependence parameter of copula. 106 

The generating function for Gumbel-Hougaard symmetric copula is given below. 107 

𝜙(𝑡) = (− ln 𝑡)𝜃          (3a) 108 



Where, 𝜙(𝑡) represents the generating function of Gumbel Hougaard copula; 𝑡 =109 

𝑎 𝑜𝑟 𝑏 𝑜𝑟 𝑐 𝑜𝑟 𝑑, values of the uniformly distributed variables varying from (0 to1), a, b, c and d 110 

are marginal CDF of tetravariate random variables and they are mathematically expressed as 111 

follows. 112 

Where,𝑎 =  𝐹𝑄(𝑞) , 𝑏 = 𝐹𝑉(𝑣) , 𝑐 =  𝐹𝐷(𝑑), 𝑑 =  𝐹𝑇𝑝(𝑡𝑝) 113 

The dependence parameter (θ) can be estimated using a trial and error method. 114 

Trial and error method of estimation of dependence parameter (θ) 115 

The marginal CDF of the four dimensional GH symmetric copula is determined first. Now, the 116 

only unknown parameter of the copula is the dependence parameter (θ). Therefore, the value of 117 

dependence parameter (θ) is chosen in such a way by trial and error approach, that the value of 118 

the coefficient of determination (𝑅2) will be more close to 1(which is the 𝑅2 value of observed 119 

tetravariate CDF). The value of dependence parameter (θ) will be optimal, when the 𝑅2 value of 120 

the theoretical tetravariate CDF will be maximum or the value of the dependence parameter (θ) 121 

should be chosen in such a way that, the results of the tetravariate GH copula model will be in 122 

better agreement with the results of the observed tetravariate CDF.  123 

Methodology: 124 

The derivation of tetravariate cumulative distribution function involves the following procedures 125 

as: 126 

 (1) Determination of different types of marginal CDF for peak discharge, volume, duration and 127 

time to peak by conventional statistical approach; 128 



(2) Determination of best fit marginal CDF for all the four variables; 129 

(3) Determination of tetravariate observed probability basing upon the tetravariate plotting 130 

position formula; 131 

(4) Selecting the four-dimensional Gumbel-Hougaard symmetric copula and determining its 132 

copula parameter by trial and error method; 133 

(5) Validation of four dimensional GH symmetric copula model with the observed tetravariate 134 

distribution.  135 

(6) Determination of conditional probability by example, using the copula model. 136 

Goodness-of-Fit statistics 137 

Two tests were applied: (1) Akaike Information Criteria (AIC) value test; (2) Root Mean Square 138 

Error (RMSE) value test. The AIC value is given by 139 

AIC = N log (MSE) + 2(number of fitted parameter)         (7) 140 

Where, N = total number of observations and MSE = mean square error which is given by 141 

MSE = {
1

𝑁−𝑘
∑ [𝑥𝑐(𝑖) − 𝑥𝑜(𝑖)]𝑁

𝑖=1
2
}           (8) 142 

Where, 𝑥𝑐(𝑖) = computed probability at ith value, 𝑥𝑜(𝑖) = observed probability at ith value, k= 143 

number of fitted parameters and N = total number of observation. The best fit probability 144 

distribution is the one which has a minimum AIC value. The RMSE value test is given by 145 

RMSE = √𝑀𝑆𝐸 = √𝐸(𝑥𝑐 − 𝑥𝑜)2={
1

𝑁−𝑘
∑ [𝑥𝑐(𝑖) − 𝑥𝑜(𝑖)]𝑁

𝑖=1
2
}

0.5
    (9) 146 



The best fit probability distribution is the one which has a minimum RMSE value. 147 

Empirical Non-exceedance probabilities 148 

This non-exceedance probability can be termed as the univariate observed probability by the help 149 

of which the best fit marginal computed CDF can be determined. The observed probability can 150 

be determined using the Gringorten plotting position formula (Gringorten, 1963) 151 

𝑃𝑚 =
𝑚−0.44

𝑁+0.12
                (10) 152 

Where, 𝑃𝑚= the empirical probability of non-exceedance; m = rank of the variable and N = total 153 

number of observations. 154 

Observed tetravariate CDF 155 

The observed trivariate probability is calculated analogous to the observed univariate probability. The 156 

tetravariate empirical probability is determined by the formulae given below. 157 

 158 

𝐹(𝑞, 𝑣, 𝑑, 𝑡𝑝) = 𝑃(𝑄 ≤ 𝑞𝑖 , 𝑉 ≤ 𝑣𝑖 , 𝐷 ≤ 𝑑𝑖 , 𝑇𝑝 ≤ 𝑡𝑝𝑖) =  
∑ ∑ ∑ ∑ 𝑛𝑚𝑙𝑝𝑟

𝑖
𝑟=1 −0.44𝑖

𝑝=1
𝑖
𝑙=1

𝑖
𝑚=1

𝑛+0.12
        (11) 159 

Where, 𝐹(𝑞𝑖 , 𝑣𝑖 , 𝑑𝑖 , 𝑡𝑝𝑖) can be determined by arranging the number of (𝑞𝑗 , 𝑣𝑗 , 𝑑𝑗 , 𝑡𝑝𝑗) by either q or v or 160 

d or tp and 𝑛𝑚𝑙𝑝𝑟= number of (𝑞𝑗 , 𝑣𝑗 , 𝑑𝑗 , 𝑡𝑝𝑗) counted as 𝑞𝑗 ≤ 𝑞𝑖 and 𝑣𝑗 ≤ 𝑣𝑖 and 𝑑𝑗 ≤ 𝑑𝑖and 𝑡𝑝𝑗 ≤ 𝑡𝑝𝑖, 161 

i=1,…,n, 1≤ 𝑗 ≤ 𝑖, and n = total number of observations. 162 

Conditional probability and its return period 163 

After validating the model, it can be utilized to determine the conditional probability, which 164 

means that, out of all the four variables, one or more than one variable(s) can be conditioned in 165 

order to obtain the conditional probability and its corresponding return period. Here, the formula 166 



for the conditional probability and its corresponding conditional return period is given below in 167 

the equation number 12 (a) and 12 (b), using this equation the results of conditional CDF is 168 

determined, for the situation, conditional CDF of Q, V, D given 𝑇𝑝 ≤ 𝑡𝑝. 169 

𝐹′
𝑄,𝑉,𝐷⎹𝑇𝑃(𝑞, 𝑣, 𝑑⎹𝑡𝑝) =

𝐹(𝑞,𝑣,𝑑,𝑡𝑝)

𝐹𝑇𝑃(𝑡𝑝)
                                                                                                       (12 170 

a) 171 

𝑇′
𝑄,𝑉,𝐷⎹𝑇𝑃(𝑞, 𝑣, 𝑑⎹𝑡𝑝) =  

1

1−𝐹′
𝑄,𝑉,𝐷⎹𝑇𝑃(𝑞,𝑣,𝑑⎹𝑡𝑝) 

          (12 172 

b) 173 

Where, 𝐹′
𝑄,𝑉,𝐷⎹𝑇𝑃(𝑞, 𝑣, 𝑑⎹𝑡𝑝) represents conditional CDF in which the time to peak is 174 

conditioned; and 𝑇′
𝑄,𝑉,𝐷⎹𝑇𝑃(𝑞, 𝑣, 𝑑⎹𝑡𝑝) represents its corresponding return period, whereas 175 

𝐹(𝑞, 𝑣, 𝑑, 𝑡𝑝) represents the computed tetravariate CDF and 𝐹𝑇𝑃(𝑡𝑝) represents the best fit 176 

marginal CDF of time to peak. 177 

Study area and data assessment 178 

For this study the inflow into Hirakud dam is taken into consideration.  The Hirakud dam is built 179 

across river Mahanadi and it is located 15 Km away from Sambalpur, in the state of Odisha. The 180 

reservoir has a catchment area of 83400 sq.km and a reservoir has spread area of around 745 181 

sq.km. The reservoir is a multipurpose one and serving for number of essential dams. The live 182 

storage is reducing day by day and due to its flood control efficiency, the inflow hydrograph and 183 

its corresponding reservoir operation raises much concern for the operators. So the frequency 184 

analysis of inflow to Hirakud is made with an added variable time to peak (TP) with regular 185 

variables like Q, V and D. The diagram of upper Hirakud catchment is shown in Figure 1. 186 



 187 

Figure 1. Map of Mahanadi catchment 188 

To apply the Gumbel-Hougaard four-dimensional copula, the yearly inflow data on three-hour 189 

basis is used and the flood hydrograph is segregated from the yearly inflow hydrograph (Fig.2) 190 

and the peak discharge, its volume, duration and time to peak is determined. 191 

 192 



Figure 2 Flood hydrograph  193 

For using the inflow hydrograph, we have considered the highest flood hydrographs that have 194 

entered into the reservoir during the year 1980,1999, 2001, 2003, 2006, 2008, 2009, 2010, 2011, 195 

2014 and 2019. The Q, V, D and Tp values are obtained after drawing those particular 196 

hydrographs in excel sheets as shown in Figure 2.  197 

The volume and the duration of the flood hydrograph can be determined using the equation (4) 198 

and (5) given below: 199 

 200 

𝑉 =  ∑ 𝑄𝑖𝐷𝑖
𝑛
𝑖=1           (4) 201 

Where, V= total volume and (𝑄𝑖 , 𝐷𝑖) are the coordinates of flood hydrograph; n = total number 202 

of coordinate points. Here, 𝑄𝑖  represents discharge at point 𝑖 and 𝐷𝑖 represents duration at point 203 

𝑖. 204 

𝐷 =  𝐷𝑓 − 𝐷𝑖                  (5)         205 

Where, 𝐷𝑓 and𝐷𝑖 are the final and initial duration of hydrograph. Now, the time to peak can be 206 

determined the equation (6) given below. 207 

𝑇𝑃 = 𝐷𝑃 − 𝐷𝑖                  (6) 208 

Where, 𝐷𝑃 and 𝐷𝑖 are peak duration and initial duration of the hydrograph. 209 

Result and Discussions: 210 



The peak inflow hydrographs to Hirakud reservoir as obtained from the available flood data are 211 

extracted and Q, V, D and Tp values are recorded. The data statistics are obtained for these 212 

separated hydrographs and mentioned in Table No.1 213 

Table.1 Data statistics of inflow hydrographs of Hirakud dam 214 

  215 

Table.1 Data statistics of inflow hydrographs of Hirakud dam 

Station 

Name 

Variables Length of record 

(years) 

Mean Standard 

deviation 

Skewness Kurtosis 

Hirakud Peak discharge 

(Qp) (cumec) 

 

 

 

11 

15926.01 7885.48 1.28 1.11 

Volume (V) 

(TMC) 

4323781.87 2121047.85 1.18 2.21 

Duration (D) 

(hours) 

128.04 52.24 0.95 0.69 

Time to peak 

(Tp) (hours) 

54.60 29.01 1.68 3.71 

 216 

Prior to this the quality of the data has been checked using two tailed Chi-squared test at 5% 217 

significance level and found that the used data is consistent. 218 

The tested data is worked out in steps as mentioned in methodology. Initially we have to deter 219 

mine the marginal CDFs for this we need to estimate the parameters of corresponding CDFs. 220 

Marginal distributions of flood variables 221 

The extreme value 1 (EV1), exponential, gamma and log-normal CDF are assumed to be the best 222 

possible univariate CDF. The parameters of all the four probability distributions are determined 223 

by parametric estimation method i.e., by the method of moments as it is easy to apply to the 224 



flood frequency analysis. The results of parameters estimated by each of probability distributions 225 

are given in Table 2.  226 

Table 2. Result of the parameters estimated by each of the probability distributions determined 227 

by method of moments. 228 

CDF 

Parameters 

symbol 

Parameter values 

 

Peak 

discharge 

(Cumec) 

Volume 

(TMC) 

Duration 

(Hours) 

Time to 

peak 

(Hours) 

Exponential β 15926.0 4323781.87 128.04 54.6 

Gumbel or 

EV1 

u 12375.4 3368739.22 104.52 41.54 

β 6151.4 1654613.04 40.75 22.63 

Gamma 

β 3904.4 1040488.19 21.31 15.41 

γ 4.1 4.16 6.01 3.54 

Log normal 

𝜇𝑦 4.16 6.59 2.07 1.69 

𝜎𝑦 0.19 0.22 0.18 0.21 

 229 

Then, the parameters of each type of probability distributions are applied in their corresponding 230 

CDF and were compared with the empirical probability of non-exceedance. The best fit marginal 231 

is determined by using the AIC value test given in Table 3 and the RMSE value test given in 232 

Table 4. 233 

 234 



Table 3. AIC values of all the four types of CDF 235 

Location Variables AIC value 

Exponential Gumbel or 

EV 1 

Gamma Log normal 

 

 

 

 

 

Hirakud 

reservoir 

 

Peak 

discharge      

(m3/s) 

-35.41 

 

-55.52 

 

-55.61 

 

-7.05 

 

 

Volume 

(TMC) 

-36.56 

 

-67.20 

 

-67.65 

 

-7.05 

 

 

Duration 

(Hours) 

-33.17 

 

-69.54 

 

-65.64 

 

-7.05 

 

Time to peak 

(Hours) 

-36.42 

 

-61.85 

 

-61.11 

 

-7.05 

 

 236 

Table 4. RMSE values of all the four types of CDF 237 

Location variables 

RMSE value 

 

 

Exponential 

 

 

 

Gumbel or EV 

Gamma Log normal 



1 

 

Hirakud 

reservoir 

Peak discharge      

(m3/s) 

0.1786 

 

0.0645 

 

0.0642 

 

0.6011 

 

Volume 

(TMC) 

0.1694 

 

0.0377 

 

0.0369 

 

0.6011 

 

Duration 

(hours) 

0.1980 

 

0.0338 

 

0.0405 

 

0.6011 

 

Time to peak 

(Hours) 

0.1705 

 

0.0482 

 

0.0499 

 

0.6011 

 

 238 

From the above Table 3 and Table 4 it is clear that the corresponding best fit CDF for peak discharge, 239 

volume, duration and time to peak are Gamma CDF, Gamma CDF, EV1 CDF and EV1 CDF as all these 240 

distributions possess a minimum AIC value and minimum RMSE value. Thus this CDFs can be applied to 241 

the four dimensional GH copula model, which will be helpful to give a best output along with an optimal 242 

value of dependence parameter (θ). 243 

After determining the best fit marginal distribution for all the four variables, now the dependence 244 

parameter (θ) of four dimensional GH copula can be estimated. The result of the dependence 245 

parameter (θ) is given in Table 5. 246 

Table 5. Result of the dependence parameter (θ) 247 

θ value 1.7 

 248 



After knowing the values of all the four best fit CDF for the four variables and dependence parameter (θ), 249 

they can be applied to four dimensional GH copula in order to determine the tetravariate 250 

computed CDF.  251 

Observed tetravariate CDF 252 

The observed tetravariate probability can be calculated as per equation number 11, which is just 253 

analogous to the observed univariate probability. The results of the computed and observed tetravariate 254 

CDF is tabulated in Table 6.  255 

Table 6. Results of computed and observed tetravariate probability 256 

Tetravariate 

Rank 

observed tetravariate  

non-exceedance 

probability (Ob) 

Tetravariate computed 

probability using Gumbel 

Hougard 4D copula (Th) 

Ob-Th 

(Ob-Th)/Ob  

(%) 

 

1 0.0223 0.0216 0.0007 3.24 

2 0.0621 0.0954 -0.0333 -53.66 

2 0.0621 0.0579 0.0042 6.75 

2 0.0621 0.0608 0.0013 2.07 

1 0.0223 0.0266 -0.0043 -19.36 

1 0.0223 0.0006 0.0217 97.34 

2 0.0621 0.0646 -0.0025 -3.97 

5 0.1815 0.1025 0.0790 43.53 

3 0.1019 0.0569 0.0450 44.14 

10 0.3806 0.2230 0.1576 41.41 

10 0.3806 0.2691 0.1115 29.29 

10 0.3806 0.3700 0.0106 2.79 



2 0.0621 0.0203 0.0419 67.39 

5 0.1815 0.1708 0.0107 5.89 

2 0.0621 0.0553 0.0068 10.95 

2 0.0621 0.0956 -0.0334 -53.86 

13 0.5000 0.4193 0.0807 16.13 

3 0.1019 0.1563 -0.0544 -53.39 

8 0.3010 0.3394 -0.0385 -12.79 

18 0.6990 0.6871 0.0119 1.71 

16 0.6194 0.6635 -0.0440 -7.11 

3 0.1019 0.0626 0.0393 38.61 

4 0.1417 0.0926 0.0491 34.68 

15 0.5796 0.5662 0.0134 2.31 

6 0.2213 0.1658 0.0556 25.11 

 257 

 258 

The graphical comparison of the observed and theoretical tetravariate model is given in Figure 3, which 259 

represents that there is a better agreement of the theoretical model (i.e., four-dimensional GH symmetric 260 

copula model) with the observed tetravariate CDF. 261 



 262 

Figure 3. Comparison between observed tetravariate CDF & computed tetravariate CDF 263 

From the Figure 3, there are two cases of coefficient of determination values. In the first case the 264 

coefficient of determination (R-squared) is equal to 1, which corresponds to the R-squared value of 265 

observed tetravariate CDF data points. In the second case the coefficient of determination (R-squared) is 266 

equal to 0.9421, which corresponds to the R-squared value of computed tetravariate CDF data points 267 

determined using four dimensional GH copula. From the Figure 3, we can see that the value of computed 268 

tetravariate CDF is more close to its corresponding observed tetravariate CDF. Thus, the error (Observed 269 

value – Theoretical/computed) will be less, and there by the R – square of computed tetravariate CDF 270 

data points is high i.e. 0.9421 and this 0.9421 value is more close to the R – square value of observed 271 

tetravariate CDF (i.e. equal to 1). This indicates that the proposed computed model (four dimensional GH 272 

copula) is an efficient model. From the above discussion, it is concluded that, as the R – square value of 273 

computed tetravariate CDF is high, there is a closer fitting of the computed tetravariate CDF with its 274 

observed tetravariate CDF. Thus it is a form of graphical validation of proposed copula model.  275 

Conditional CDF and its return period 276 
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After validating the tetravariate GH copula model, it can be utilized to determine the conditional 277 

probability and its corresponding return period, which means that, out of all the four variables, 278 

one or more than one variable(s) can be conditioned in order to obtain the conditional probability 279 

and its corresponding return period. Here, the formula for the conditional probability is given in 280 

the equation number 12a and 12b, using this equation the results of conditional CDF and return 281 

period is determined. Here, the results of the conditional CDF and its return period of Q, V, D 282 

given 𝑇𝑝 ≤ 𝑡𝑝 are tabulated in Table 7 and its gradual features are shown in the Figure 4. 283 

 Table 7. Few results of the conditional probability by conditioning the variable time to peak 284 

  285 

Table 7. Few results of the conditional probability by conditioning the variable time to peak 

Peak (cumec) 
Volume 

(TMC) 

Duration 

(hours) 

Conditioning 

Tp 

Tetravariate 

Conditional 

probability 

Tetravariate 

conditional 

Return period 

(years) 

23608.79 7914844.27 165.00 Tp <= 21 hours 0.9579 23.74 

23608.79 7914844.27 165.00 Tp <= 30 hours 0.9450 18.19 

23608.79 7914844.27 165.00 Tp <= 36 hours 0.9346 15.29 

23608.79 7914844.27 165.00 Tp <= 42 hours 0.9226 12.91 

23608.79 7914844.27 165.00 Tp <= 48 hours 0.9088 10.97 

23608.79 7914844.27 165.00 Tp <= 60 hours 0.8769 8.12 

23608.79 7914844.27 165.00 Tp <= 75 hours 0.8333 6.00 

21253.30 6338322.28 246.00 Tp <= 21 hours 0.9553 22.36 

21253.30 6338322.28 246.00 Tp <= 30 hours 0.9417 17.15 

21253.30 6338322.28 246.00 Tp <= 36 hours 0.9307 14.43 

21253.30 6338322.28 246.00 Tp <= 42 hours 0.9180 12.19 



21253.30 6338322.28 246.00 Tp <= 48 hours 0.9035 10.37 

21253.30 6338322.28 246.00 Tp <= 60 hours 0.8702 7.70 

21253.30 6338322.28 246.00 Tp <= 75 hours 0.8253 5.73 

 286 

The above conditional tetravariate CDF values of Q, V, D conditioning Tp are shown with its respective 287 

conditional return periods, which will be beneficial for dam management during flood operations. 288 

 289 

Figure 4. Variation of tetravariate conditional return period with the different values of conditioned Tp 290 

and for a given Q, V and D. 291 

The Figure 4, shows a clear picture that, the results of conditional return period for a given value of peak 292 

i.e. 23608.79 cumec, volume i.e. 7914844 TMC and duration of 165 hours, conditioning time to peak as, 293 

time to peak (Tp)  tp values, shares an exponential relationship with its conditional inflow 294 

hydrograph mentioned above, which is proved by the R-squared value of triangular data points 295 
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i.e. 0.9942. The values of conditional return period is getting exponentially decreased with the 296 

increasing values of conditioned Tp  tp and given Q,V, D. This result is also been depicted in 297 

the Table number 7. A similar kind of example is considered in Figure 4, with square data points 298 

having a R-squared value of 0.9936. Finally, a relationship between return period-inflow 299 

hydrograph conditioning time to peak is established. 300 

Conclusions 301 

The conclusions of the present study are: (1) Tetravariate flood frequency distributions can be 302 

derived by using the four dimensional Gumbel-Hougaard symmetric copula. (2) The 303 

performance of Gumbel-Hougaard four dimensional copula model is in better agreement with the 304 

observed tetravariate CDF. (3) The value of the dependence parameter (θ) can be easily obtained 305 

by trial and error method. (4) One can arrive at the best value of copula parameter by varying the 306 

value of dependence parameter between 1 to 10. (5) To develop a very efficient tetravariate 307 

probability distribution model, it is very essential to determine the best fit marginal distribution 308 

for peak, volume, duration and time to peak and also to obtain an optimal value of dependence 309 

parameter (θ). (6) The conditional return period can also be determined from the tetravariate 310 

Gumbel-Hougaard copula model. (7) An exponential relationship is found to exist between the 311 

conditional return period and the inflow hydrograph having a given Q, V, D and by conditioning 312 

Tp  tp (8) For dam management during flood operations, the values of Q, V, D and Tp  can be 313 

related with respective return periods which will work like a guideline for operational managers. 314 

(10) The study has the limitation of consideration of less number of flood years. 315 

Notation 316 

PDF(f) = Probability Density Function 317 



CDF(F) = Cumulative Probability Distribution Function 318 

MLE = Maximum Likelihood Estimation Method. 319 

EV1 = Extreme Value Type 1 probability distribution 320 

AIC = Akaike Information Criteria 321 

MSE = Mean Square Error 322 

RMSE = Root Mean Square Error 323 

TMC = Thousand Million Cubic Meter 324 

μy= mean of y 325 

σy = standard deviation of y 326 

θ = dependence parameter 327 

a = marginal CDF for peak discharge 328 

b = marginal CDF for volume 329 

c = marginal CDF for duration 330 

d = marginal CDF for time to peak 331 

n = number of observations. 332 

P = non-exceedance probability 333 

q = value of the random variable Q 334 



v = value of random variable V 335 

d = value of random variable D 336 

tp = value of the random variable TP 337 

𝑄𝑝  = Peak discharge 338 

V = Flood volume 339 

D = Duration 340 

TP = Time to peak 341 

Th = Theoritical tetravariate CDF 342 

Ob = Observed tetravariate CDF 343 
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